Introduction.
Recently, the theory of contact manifolds has been developed by many authors. As well-known, a contact form w on a (2n+1)-dimensional differentiable manifold M is by definition a global 1-form such that 0) A d&n 0 on whole M Through a theorem of E. Cartan, the condition w n don 0 means that there exist local coordinates (x1,..., x,, yr, ..., yn, z) of M, where the contact form w may be written as w=dz-ytidx, i=1 In the theory of contact manifolds treated by the method of differential forms, it seems that the above local expression of the contact form has played an important role.
In the present paper, we shall show first that the fundamental relations concerning the contact structures can be derived easily without use of the theorem of E. Cartan, in more general forms. In the following sections, we shall arrange the theory of contact manifolds in our view-point.
Moreover, in 8 we shall get some results on the existence of dynamic contact structures over complex analytic manifolds, and in 9 and 10 we shall investigate into the infinitesimal transformations of cosymplectic manifolds.
1. Vector fields and differential forms. In the beginning, let us arrange some notions, for the later use, related to the vector fields and the differential forms on a C-manif old M.
Let U be an open set of the C-manifold M, and let Y(U), 23(U) and W (U) denote respectively the ring of all real valued C-functions on U, the 1(U)-module of all C vector fields on U, and the EC(U)-module of all p-forms on U. Then, 2T(U), 23(U), CP(U) are also regarded as R-modules, where R denotes the real number field, and with respect to the natural restrictions In particular, we set 91=9, and we can see 9P=0 for p dim M.
The exterior product of forms 9i x 9z 91 (p, kfr)-q A J, can be defined uniquely so that the following conditions may be satisfied.
(i) 91-bilinear.
(ii) Associative.
(iii) 1 n q=q, for p E gyp.
(iv) (q 1 A... Aq)(X1,...,X)=det(q(X)), for p E 9P, X E 93. With respect to this multiplication, the direct sum 9C-= becomes a graded 91-algebra, and it is obvious that the exterior product is anti-commutative:
q A J=(-1)J A q, for q E E Therefore, if p is odd, it holds that q2=qAq=0, forq E W.
The exterior derivation of forms d:Cp-Cp+1,--dcp can be defined uniquely so that the map d may satisfy the following axioms.
(i) R-linear.
(ii) Anti-derivation: d(q n)=dq n fr+(-1)q n dJr, q E, t E CM.
(iii) Order 2: d o d=0.
(iv) df (X)=X f, for f E, X E.
Then, the R-algebra C with the derivation d becomes a cochain complex. It is notable that any p-form cp Ep can be written locally as a finite sum gkdf k1 A...... A df kp, gk, f kj E which is evident if we observe an expression of the form q in local coordinates of M, and then the exterior derivative of the form is given b dq=dgklldf 1 A... ndfkp.
The inner product for a vector field X E,
can be defined by the relation i(X)u(Y1,...,Yp-1)=cp(X, Y1,..., Yp-1), Yj E 2.
Then, the map i(X) is characterized by the following axioms.
for o E C1.
Moreover, we have the map i:3-Homy (P, P1), X--z(X), having the properties
The Lie derivative of forms with respect to a vector field X E,
can be defined by the formula (X)=i(X)od+dai(X).
Then the map (X) is characterized by the following axioms.
(ii) Derivation: (X)(qp A fr)=(X)q A+p A (X)fr, q, JP E.
(iii) (X) f=X f, for f E.
(iv), (X)df=d(X f), for f E.
In regard to the product of the Lie-algebra 2, we have the formulas 2. The canonical field and the Lagrange brackets of an almost contact manifold. A C-manifold M of odd dimension 2n+1 is said to be an almost contact manifold, if a global 1-form co E f1(M) and a global 2-form r E 22(M) are given so that they satisfy the condition w A urn 0 at every point of M, where the forms co, r are called the almost contact forms on M If the almost contact forms cv, r are given on M, then there exist uniquely a global vector field E E (M) and maps
which satisfy respectively the f ollowng formulas.
(1) (Eg)o A 7rn=dg n 71n, g E C.
(2) l(f)gw n-n=n A dg n w A n1 g E y.
(3) L(f)gco n urn=ndf n dg n co n g c Z.
In fact, the functions Eg, l(q)g, L(f)g E are uniquely determined, since the (2n+1)-form co n 7r9 gives a base of the VT-module {2n I(M), and it is obvious from the formulas that the maps E, l (q), L(f) T--fsatisfy the axioms of vector field in the preceding section.
The vector field E is called the canonical field of the almost contact structure and both the maps 1, L are called the Lagrange brackets of the almost contact structure. From the definitions, we can easily obtain the following PROPOSITION 1, Let 1, L be the Lagrange brackets of the almost contact structure.
1 L(f)=l(df), f EC.
2 The map l: P--is 52Z-linear, that is, l(f11+f22)=f1l(1)+f2l(2),fl, f2 E t, 1, 2 E l1. 3 The map L: 1--k j is R-linear and a derivation, that is,
Let us notice that each 1-form B E C1 can be written locally as a finite sum B=hkdgk, hk,, Yk E, and then the inner product i(X)0 for any vector field X E L1k is given by i(X)0=0(X)=hkXgk.
Then, we can write respectively the formulas (1), (2), (3) in more general forms:
THEOREM 1. Let c0, 7r be the almost contact forms on a (2n+1)-dimensional manifold M. Then, the canonical field E and the Lagrange brackets 1, L are characterized by the following properties.
1X=E
E (M), if and only if
X=l(q4 E for q E 9P, if and only if
for f E 91, if and only if
PROOF. Let us notice that any (2n+2)-form on a (2n+1)-dimensional manifold is identically zero, and that the inner product i(Y) for a vector field Y E is an anti-derivation on the forms. 1 Putting 8=e into the formula (1), we have co(E)w A 7rn=0) A i-1,
Moreover, putting 0=i(Y)ir and Y E 3 into (1)', we have
since the inner product i(Y) is an anti-derivation and the (2n+2)-form, rn+1 is identically zero. It follows that
for any vector field Y. This proves i(E)ir=0. Conversely, assume that a vector field X has the properties (1), (ii). Then, considering the (2n+2)-form dg A co A TIn=O, we have
This proves (Xg) n7rn-dg nrn=O which is nothing but the formula (1). Hence X=K 2 Assume that X=l(cp). Putting B=o into the formula (2)', we have o(X)w n ir'=nq n w n w n irn-1=O which implies i(X)o=w(X)=0. Moreover, putting 8=i(Y)rr, Y E, into (2)', and considering the (2n+2)-form q n w n rrn=0, we have
Therefore, applying the formula (1)', we have
It follows that
for any vector field Y. This proves i(X)r=p(E)w-p.
Conversely, assume that a vector field X has the properties (i), (ii). Then, considering the (2n+2)-form dg A co A r 1=0, we have
This proves (Xg)coA-npAdgAcoA1=0, nn urnwhich is nothing but the formula (2). Hence, X=l(o)
3 This is a special case of 2 where=df. Now, we define a vector field K(f) E 3 for a function f E 2t, by the relation
Then, we have the map
and, from the Proposition 1 and the Theorem 1, we can obtain easily the followings.
PROPOSITION 2. The map K:fstaisfies the conditions:
THEOREM 2. Let co, 7r be the almost contact forms on M Then the vector field X=K(f) E; for a function f E 2t is characterized by the properties:
COROLLARY. The R-linear map K: 2z--f2 is an injection, and the left inverse map o f K is given by the 1-form co--> PROOF, co(K(f))=i(K(f)) co=f for f E fit. This proves that the map cooK:2t->42 is identical.
At the end of the present section, let us remark on some relations between the vector fields and the 1-forms of the almost contact manifold M. Let c, 7r be the almost contact forms on M.
A vector field X E 5 is said to be horizontal, if w(X)=0, and a p-form p E 2P is said to be basic, if i(E)cp=0.
Then, we have exact sequences of 52C-modules
where ifs, 51 denote respectively the 521-module of all horizontal fields, and the 521-module of all basic 1-forms. The 521-linear maps r(E):521>, r(w): 521> defined by r(E)f=fE, r (ro) f=f-o for f E 521 give respectively splittings of the above exact sequences, namely both the 52C-linear maps wor(E) and i(E)or(co) are identical on fir. Now, consider the 52C-linear map it: 5[1 defined by 7r(X)=i(X)ir for X E S. Then we have the following PROPOSITION 3. The 521-linear map 7r gives a bijection between the 521-modules 5233 and J1, and its inverse map is given by the Lagrange bracket -l restricted on 1.
Accordingly, there exists a natural isomorphism between the exact sequences of 52C-modules such as
where the maps a, aC 1 are given by
PROOF. A 1-form 7r(X) i(X)'r E 52P for any vector field X is basic, since i(E)oi(X)rr=ir(X, E)=0.
A vector field l(q) E Z3 for any 1-form cp E 5211 is horizontal, since co(l(ip))=0. For a basic 1-form o E 1, it holds that i(l(P)) (E)wsince cp(E)=0. This proves that the map-l) is identical on 2. Moreover, if i(X)7r=0 for a horizontal field X E 5233, then applying the Theorem 1, we have X=l(0)=0, because the conditions i(X)w=0, i(X)ir=0 are satisfied, This proves that the map 7r:5233->1 is an injection. Hence, the map (-l) on-is identical on B.
It is clear from the above considerations that the {-linear map a:-is a bijection whose inverse map is given by a-1 and the diagram is commutative.
3. Infinitesimal contact transformations of a contact manifold. A (2n+1)-dimensional manifold M is said to be a contact manifold, if a global 1-form w E W(M) is given so that it satisfies the condition w/dwn 0 at every point of M, where the form w is called the contact form of the contact structure. Then, the forms w, dw give an almost contact structure on M, and so we have the canonical field E, Lagrange brackets 1, L and the R-linear map K defined in the preceding section. They are characterized by the following properties.
X=E E (M), if and only if
Let w be the contact form on M. A vector field X E is called an infinitesimal contact transformation, if there exists a function k E 2C such that (X)w=kw, where-denotes the Lie derivative. Moreoiver, a vector field X E 2 is called an infinitesimal automorphism of the contact structure, if (X)w=0. Let, Jo denote respectively, the R-module of all infinitesimal contact transformations, and the R-module of all infinitesimal automorphisms of the contact structure. Then o becomes an R-submodule of .
PROPOSITION 4. For an infinitesimal contact transformation X E, the function k E 1 such that (X)o=kw, is given by k=Ew(X).
PROOF. Assume that X E. Then, by definitions,
Applying the inner product i(E) to this, and taking account of the property 1, we have Ew(X)=k.
THEOREM 3. Let w be the contact form on M. The R-linear map K:t-p 3 gives a bijection between the R-modules r and, and its inverse map is given by the form w:--k T restricted on.
PROOF. First, we shall show that a vector field X=K(f) for any function f E C is an infinitesimal contact transformation. From the property 4, we have (X)w=di(X)w+i(X)dw=df+(Ef)wdf=(Ef)w.
Hence, X E and w(K(f))=w(X)=i(X)o)=f This proves that the R-linear map woK is identical on 1.
Next, let us consider a function f=w(X) E t for any X E .
Then we have (x)
o(X)=f, and (X)o=kw, where k=&o(X)=Ef by the Proposition 4. Therefore,
Hence, it follows from the property 4 that
This proves that the R-linear map Kow is identical on.
COROLLARY. E=K(1) E a.
The Theorem 3 and the Proposition 4 show that an exact and commutative diagram of R-modules 0--* (0UKUK holds, where QT denotes the R-module of all first integrals of the vector field E, and , u denotes the R-linear map which maps each vector field X E to its multiple factor k E Z such that (X)w=kw. Let us assume always that the manifold M is paracompact. Taking the sheaves of germs of the above R-modules, we have an exact and commutative diagram of sheaves on M
where the map E: A-f A becomes a surjection, because the differential equation Ef=g for a given function g E T has always a local solution f E T. Since the sheaf A is fine, so is the sheaf C. Therefore, from the cohomology sequence, we have the following result which was shown by Gray [4] .
It is easy to see that the R-module is a Lie-algebra by the product [X, Y] for X, Y E, ando is a subalgebra of. By the bijection w, the R-module t becomes also a Lie-algebra whose product we denote by [f, g] for f, g EC. Moreover, 1 is a commutative ring. By the bijection K, the R-module becomes also a commutative ring, whose product we denote be XoY for X, Y E.
PROOF. Since w=Ki' on G, we have f=w(X), g=w(Y).
By the formula at the end of 1, we have
the Proposition 2, it holds that
4. The contact structure in the wide sense. In this section, we concern ourselves with the contact structure in the wide sense introduced by Spencer.
Let [U}1 2 isbe an open covering of a (2n+1)-dimensional manifold M If a system of local contact forms {wti}jEI, w E W(Ui), wi A dwz 0 is given and there exists a system of functions {gEI such that wz=gj3wj in U2 fl U, gzj E T(U1 fl Ua), then we call M a contact manifold in the wide sense. Of course, we suppose that two systems of contact forms {UZ, o} and {Uk,}define the same contact structure on M, if their union gives also a contact structure on M.
Let R*, R+denote respectively the multiplicative group of all non-zero real numbers, and its subgroup of all positive numbers. Then, we have an exact sequence of abelian groups where Z2={o, 1} denotes the cyclic group of order 2, which we represent as an additive group. Taking the sheaves on M of germs of C~-functions with values in R+, R, Z2 respectively, we get an exact sequence of sheaves Since, the map log: R-A gives a bijection between the sheaves of abelian groups R+ and A, the sheaf R+ is fine like the sheaf A of germs of C-functions. Therefore, by the cohomology sequence, we have a bi jection where a cohomology class E Hl (M, R*) gives a C R-bundle structure, that is, the associated principal bundle of a C line bundle on M, and the class w1O denotes the Stief el-Whitney class of the R*-bundle. Whenever a contact structure [U1, Wz} 2EI, ti=goj, is defined on M, we get uniquely a C R-bundle=[gti} E Hl(M, R*), since g2 0. On the other hand, it holds that which shows that the cohomology class E H'(M, R) gives the canonical line bundle, that is, the line bundle on M consisting of the (2n+1)-forms. Because, each non-zero (2n+1)-form wi A dwti on Ui can be regarded as a local cross-section of the principal bundle associated to the canonical line bundle, and so the functions [q)} give the transition functions of the bundle structure. Hence, the class j*rf+l E H'(M, Z2) gives the 1-st StiefelWhitney class w1(M) of the manifold M. Therefore, setting =j*(i)= we have the formula which implies the following results derived by Gray [4] .
1 If n is odd, then M is orientable.
2 If n is even, then o=w1(1V1), Moreover, taking into account that j is a bijection, we have clearly the following:
3 If n is even and l is nrientable, then any contact structure in the wide sense is given by a global contact form c0 E AC(M).
Similar results hold for the complex analytic contact structure. Let M be a complex analytic manifold of complex dimension 2n+1.
In this case, we consider an exact sequence of abelian groups If the almost symplectic form S1 is given on M, then there exist uniquely maps p C 1-, q-* p(q), P1-,f-P(f), which satisfy respectively the following formulas. (4) p(q)g1 nq A dg A n-1, g E L (5) P(f)g1 n=ndf n dg A n-1 g EC.
In fact, it is trivial by the condition Stn 0 and the definitions that the maps p(p), P(f):Z--+2C are determined uniquely and they satisfy the axioms of vector field. Both the maps p, P are called the Poisson brackets of the almost symplectic structure. Obviously, we get the following. PROPOSITION 6. Let p, P be the Poisson brackets of the almost symplectic structure.
The map p: 1--is 21-linear.
3 The map P: T--is R-linear.
Let us notice that each 1-form 0 E C1 can be written locally as hkdgk, h1, gk E and then the inner product i(X)0 is given by 2(X)0=8(X)=hkX gk, X E;. 6. Infinitesimal automorphisms of a symplectic manifold. A 2n-dimensional manifold M is said to be a symplectic manifold, if a global 2-form d2 is given so that it satisfies the conditions f2n 0 and dfI=0 at every point of M. Of course, the form 1T gives an almost symplectic structure on M, and so we have the Poisson brackets p, P defined in the preceding section. PROPOSITION 7. Let 11 be the syrplectic form on M, If X= p(f) for E Gfi, then PROOF. Since dD=0 and i(X)SL=--q, we have (X)12=i(X)df2+di(X)12=-dq.
Let SI be the symplectic form on M. A vector field X E 2 is called an infinitesimal automorphism of the symplectic structure, if (X)1=0 . On a symplectic manifold, a vector field X E 3(M) such that , (X)f1=kS, k E (M), is trivial, because we can see easily when n>1 that k is a constant if M is connected, and that k=0 if M is compact [6] . THEOREM 5. Let Co be the R-module of all infinitesimal automorphisms of the symplectic structure and let 3 1 denote the R-module of all closed 1-forms. Then the R-linear map p gives a bijection between the R-modules 81 and o.
PROOF. It is known that the map p:Gt1->3 is a bijection , and if TAKTZAWA X=p(ip), then (X)12=-dq. Therefore, X E Ca if and only if dq=0.
7. Connections on principal bundles. Now, let us introduce some terminologies being useful in the next section.
We dente by T(M), TX(M) respectively, the tangent vector bundle of a differentiable manifold M, and the tangent vector space at a point x E M. Then, concerning the topological product M x N of two differentiable manifolds M, N, we can see that there exist natural bijecticns
T(M x N). T(M) x T(N), T(x,(M x N); TA(M)+T(N).
A (ii) w(bA)=A, b E B, A E.
Then, the curvature form of the connection w is a a-valued 2-form, 2 E I2(B, g) on B, given by
for X, Y E T b(B), and it satisfies the conditions:
(ii) S1(X, Y)=0, if X is vertical.
In the case of G being abelian, it is notable that 
Taking the sheaves of germs of local cross-sections of these vector bundles, we obtain the cohomology sequence:
Then, a connection can be regarded as a global section w E H(M, Hom(Q, L)) such that X*w=1. Therefore, there exists a connection of B if and only if *1=0, by the exactness of the cohomology sequence. Thus, we can suppose that the cohomology class 6"1 E H(M, Hom(T, L)) expresses the obstruction of the existence of connection on B. With the consideration of the class 6*1, we can get the following well-known results [1] .
On a C principal bundle there exists always a Cconnection, and on a complex analytic principal bundle there exists a C(1, 0)-connection, that is, a connection form w of type (1, 0). Let o be a (1, 0)-connection form of a complex analytic G-bundle B(M, G), and let 12 be its curvature form. Then, the (1,1)-component 1111 of the 2 -form 12 represents a cohomology class
in the sense of the theorem of Dolbeault, and the class _1i 1 coincides with the obstruction class "1 of the existence of analytic connection.
8. The dynamic contact structures. Now, let us consider a C circle bundle B(M, S1) over M, where S1 is the circle regarded as a 1-dimensional abelian group. The Lie-algebra 1 of the group S1 can be identified with the additive group R of all real numbers, if we take a base e E1 to correspond to 1 E R. Then we have a global vector field E E l(B) called the unit fundamental field defined by E: B--T(B), bbl.
It is clear that the vector field E is vertical and is invariant under the right translations. Therefore, a connection of the circle bundle B(M, S1) is given by a global real valued 1-form E P (B) satisfying the following conditions.
Moreover, the curvature form of the connection w is given by 12=dco E 2T2(B) and has properties:
(ii) Z(E)12=0, which show that the 2-form 12 on B may be regarded as a 2-form on M, namely, there exists a unique 2-form (Z' E t 2(M) such that 1=, 2 o p, and we can suppose 12 to be identified with 12'. Since df1=0, the 2-form 12 E C2(M) represents a cohomology class 12 E H2(1;, (M)), which does not depend on the choice of connection on B.
Let us consider an exact sequence of abelian groups 0-*Z--*R--*S1-0.
where a cohomology class E H1(M, S1) expresses an S1-bundle structure and the class=xO is the Euler-Poincare class of the S1-bundle , do the other hand, by the cohomology sequence for the constant coefficients, we get homomorphisms
12 is the curvature form of a connection on an S1-bundle B of bundle structure, and it represents a cohomology class 12 E H2(9t*(M)) H2(M, R), in the sense of the theorem of de Rham. A contact form (0 E W B), o n doY 0, on a C S1-bundle B(M, S1) over a 2n-dimensional manifold M is said to be dynamic, if the 1-form o) defines also a connection on B. Then, the canonical field E of the contact structure coincides with the unit fundamental field of the S1-bundle B, since i(E)w=1 and i(E)dw=0.
In this case, the curvature form 12=do E T2(M) regarded as a 2-form on M becomes a symplectic form on M, since it satisfies the conditions fn 0 and d12=0. Moreover, the closed 2-form 12 expresses an integral cocycle which represents the Euler-Poincare class of the S1-bundle B, in the sense of the theorem of de Rham.
Through the bijection H1(M, S1)---H2(M, Z), we get easily the following result derived by Boothby and Wang [2] .
Let 12 be a symplectic form on a 2n-dimensional C manifold M. Then, there exist a C circle bundle B(M, 51) over M and a C dynamic contact form co on B such that dw=12, if any only if the closed 2 -form 12 represents an integral cohomology class of M.
Next, we make researches on the complex analytic C*-bundle. Let M be a complex analytic manifold, and let us consider an exact sequence of abelian Let 11 be a curvature form of any C connection on an analytic C*-bundle B(M, C*). Then, the closed 2-form (1/27ri)12 E 2(M, C) represents an integral cohomology class of M which expresses the Chern class of B, being independent on the choice of connection on B.
A complex valued C1-form o cT1(M, C) on a complex (2n+1)-dimensional analytic manifold M is called a C contact form on M, if it satisfies the condition on M. It is clear that, if the 1-form w is holomorphic, the condition of contact form is reduced to w A dam" 1 0. In this case, the contact form w is said to be analytic.
A complex valued C 2-form fc C(M, C) on a complex 2n-dimensional analytic manifold M is called a C symplectic form on M, if it satisfies the conditions W A12 n 0 and dl=0 on M. It is clear that, if the 2-form 11 is holomorphic, the conditions of symplectic form are reduced to Sin 0 and dITL=0. In this case, the symplectic form 2 is said to be analytic.
Let B(M, C*) be a complex analytic C-bundle over a complex 2n-dimensional manifold M. A C contact form o E I(B, C) on B is said to be dynamic if w defines also a C connection on B. Then the curvature form fI=dw E C2(M, C) regarded as a 2-form on M becomes a C symplectic form on M. In particular, if is an analytic dynamic contact form on B, then the curvature form 2=do becomes an analytic symplectic form on M. Taking a C-bundle B(M, C*) of the structure and a C connection form 0 on B, we can find a global 1-form 9p E W(M, C) on M such that dp=12-de, since both the closed 2-forms 12 and d61 represent the same cohomology class 27ric1() E H2(M, C). Then, the 1-form w=0+cp E 2t1(B, C) becomes a C dynamic contact form on B such that do=52.
In particular, when 1202=0, if we take the connection form 0 to be of type (1, 0) , then the 1-form cp=q+p1 satisfies the condition d'"gp01=0 Hence, there exists a local C-function f defined on a neighborhood of any point x E M such that d" f=(p01. Setting Jr=Cp10-df, we have
Then, the (1, 0)-form n w=0+Ji becomes a local dynamic contact form such that dw=2.
Moreover, if H1(M, Ch)=0, we can take the C-function f globally on M, through the Dolbeault isomorphism H1(M, C, t)=H1(C (M, C)). Then, the (1, 0)-form w is also defined globally on B. For instance, if M is a Stein manifold, it holds that H1(M, C, z)=0.
Here, if the 2-form 12 is holomorphic, that is, 1211-5202=0 and d"52=0, then the (1,0)-form o is also holomorphic, since da=0.11=0.
Thus we get the following COROLLARY. Let 12 be an analytic symplectic form on M. Then, there exists locally an analytic dynamic contact form c of B(M, C*) such that do=2, if and only if the closed 2-form (1/27ri)0. determines an integral cocycle on M. Moreover, if H1(M, Ch)=0, then the analytic dynamic contact form co can be defined globally on B.
In this case, it is assured that there exists an analytic connection on B by the condition 5211=0, because the form 11" represents the obstruction class of the existence of analytic connection.
9. Infinitesimal cosymplectic transformations of a cosymplectic manifold. A real C-manifold M of odd dimension 2n+1 is said to be a cosymplectic manifold, if a global 1-form c E 2{1(M) and a global 2-form 7T E T2(M) are given so that they satisfy the conditions :
on M, where the forms o, 7r are called the cosymplectic forms on M. Then, the forms w, 7r give an almost contact structure on M, and so we have the canonical field E and the Lagrange brackets 1, L defined in 2. By the Proposition 3, there exists a natural bijection a between the I-modules 9 and W given by -f1, X->q, c(X)=i(X)7r w(X)co, cc1(q)=-l(q)+q(E)E.
Since the cosymplectic forms co, 7r are closed, it holds that jX)co=di(X)w,, (X)7r=di(X)7r, X E.
Let o, 7r be the cosymplectic forms on M. A vector field X E is called an infinitesimal cosymplectic transformation, if there exists a function k E C such that (X}c=dk, (X)7r=c A dk.
Moreover, a vector field X E is called an infinitesimal automorphism of the cosymplectic structure, if 4 (X)w=0 and (X)7r=0. Let L/, o denote respectively, the R-module of all infinitesimal cosymplectic transformations, and the R-module of all infinitesimal automorphisms of the cosymplectic structure. Obviously, p is an R-submodule of.
PROPOSITION 8. For an infinitesimal cosymplectic transf ormationX E, the differential dk E W such that (X)co=dk, is given by dk=dco (X).
PROOF. If X E c, then (X)w=di(X)c=dk.
A p-form q E W is said to be E-invariant, if (E)p=0. For instance, the 1-form w is E-invariant, since (E)w=dw(E)=0. THEOREM 7. Let w, nr be the cosymplectic forms on M. Let 81 denote the R-module of all closed 1-forms, and let (31 be the R-modules of all closed E-invariant 1 -forms. Then, the R-linear map a:--Clt' gives a bijection between the R-modules and 81. In particular. the map a gives a bijection between the R-modules t3 a and EM'. Accordingly, we get an exact and commutative diagram of R-modules
Ii a I, lia
where dt is an R-submodule of 11 consisting of all differentials of functions in 2.
PROOF. It is known that the map cr:-P is a bijection. Assume that X E, Setting o= a(X), we have p=i(X}n+o(X)o, and dcp=di(Xr+dr(x) n w=(+(w n w =wndk+dknw=0.
It follows that p is closed.
Conversely, assume that q E 81. Setting X=c1(q), we have
It follows that X E. Moreover, we can see that dk=d(q(E))=(E)q, cik=dw(X).
Therefore, X=c1(q) E f, if and only if (E)p=0.
COROLLARY. E=cC1(w) E a. 10. Infinitesimal conformal transformations of a cosymplectic manifold. Now, we make some remarks cn the infinitesimal conformal transformations of the cosymplectic structure.
Let w, 7r be the cosymplectic forms on a (2n+1)-dimensional C-manifold M. A vector field X E 3 is called an infinitesimal conformal transformation of rr, if there exists a function h E 2T such that (X)7r=h7r. Then, we get the following result same as the case of symplectic structure in 6. PROPOSITION 9. Assume that n>1. Let X E (M) be a vector field such that (X)w=her.
1If
M is connected, then h is a constant. This shows that the form w n 7r'z becomes a coboundary with respect to the d-cohomology, On the other hand, the non-zero (2n+1)-form w n urn represents a base of the real cohomology group H2n+1 (M, R)=R of the orientable manifold M, provided M to be connected and compact. This is impossible. Hence h=0.
Let w, r be the cosymplectic forms on M. A vector field X E is called an infinitesimal conformal transformation of w, if there exists a function k E 'C such that(X)w=kw.
Then we can see clearly k=Ew(X). We denote by respectively, the R-module of all infinitesimal conformal transformations of w, and an R-submedule of consisting of all vector fields X E such that (X)w=0. Therefore, it holds that dq(E)=(X)co=k if and only if do(E) A w=0. Moreover, we have k=Ew(X)=EK(E).
If o E Do, then clearly Eq (E)=i(E)dgi(E)=0. Conversely, if cp E and &p(E)=0, then dq (E)-Eq(E)o+dq(E)i(E)(dgP(E)11 o)=0.
This shows that o E PROPOSITION 10. If X E then, (X)ir=&p, where q=c (X).
PROOF. Setting q= c (X) E 1 for X E ', we have X=-l(q)+q(E)E, i(X) r=-(E)+ w.
Since p E , we can see that (X)r=di(X)7r=-dq(E) A w+dq=dq.
By this proposition, if X E o and the 1-form q=c (X) is closed, then X becomes an infinitesimal automorphism of the cosymplectic structure.
Moreover, it is obvious that the R-module constructs a Lie-algebra with respect to the product [X, Y], and becomes a subalgebra of,
